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ABSTRACT: The probability that a macromolecular chain occurs in a given conformation is expressed as 
a product of mean probabilities obtained from Monte Carlo calculations. It permits us to develop a method 
for the determination of the conformational entropy of chains with long-range interactions. This method 
has been applied successfully to polymethylene chains with respectively short-range or short-range and hard- 
sphere interactions. Good results are also obtained for short chains with van der Waals interactions. For 
the three different potentials used, conformational free energy, energy, and entropy are linear functions of 
the number of bonds in the chain. The present method gives results in agreement with Monte Carlo sampling 
when the ratio of the long-range energy to the short-range one is smaller than about 1.5. This method of 
calculation has also been applied to the determination of chain geometrical dimensions, but it appears that 
it does not work for that purpose. 

I. Introduction 
Conformations of macromolecular chains depend very 

much on entropy which is associated with the order and, 
as a component of the free energy, with the stability of the 
system. Go and Scheragal developed a method to calculate 
the entropy of macromolecules undergoing harmonic 
fluctuations around their stable states. This method was 
applied on several short polypeptide chains.2 Karplus and 
Kushick3 suggested calculating the covariances of the 
internal coordinates directly from molecular dynamics or 
Monte Carlo simulations rather than by normal modes 
analysis and applied their method to the molecular 
dynamics simulation of decaglycine and butane. More 
recently, a method for the calculation of the entropy of 
chain models based on a scanning procedure4 has been 
proposed by Meirovitch and applied to models of self- 
avoiding walks on a square or a cubic lattice. This approach 
has been extended and applied to general chain models 
with excluded volume, to self-attractive random walks,5 
and to polypeptide chains.6 

In the present work we propose to calculate values of 
the conformational entropy of macromolecular chains 
submitted to short-range interactions. The entropy can 
then be calculated by using transition probability matri- 
c ~ s . ~  The application of this method is then extended to 
models of polymers submitted to long-range interactions 
(van der Waals or hard-sphere) in a manner similar to 
that proposed by Matticespg to reproduce geometrical 
properties of perturbed chains. In order to establish the 
range of validity of the approach, values of entropy are 
also determined by using Bennett's methodlo or an 
umbrella sampling algorithm recently proposed and used 
for the calculation of the conformational free energy of 
short polypeptide chains.'l In the present work calcu- 
lations are performed on a three rotational isomeric state 
model (t;g+;g-) of polymethylene. 

11. Methods of Calculation 
Atomic coordinates of polymethylene chains are computed 

using the method of Eyring12 with a standard7 C-C bond length 
of 1.53 8, and a fixed valence angle of logo. 

Three different situations of the chain molecule are considered 
in the following applications. They correspond respectively to 

EI Abstract published in Aduance ACS Abstracts, October 1,1993. 

0024-9297/93/2226-6076$04.00/0 

three different potentials used for the conformational energy 
calculation. Firstly, when only short-range interactions are 
introduced, the chain is at the 8 point of Flory.' But if there are 
attractive interactions between the molecule and a good solvent, 
the effects of the latter can compensate for the attraction between 
atoms of the chain. The molecule therefore adopts extended 
conformations. A hard-sphere potential, with only a repulsive 
term, is well adapted, in that case, to simulate these long-range 
effects on the chain. On the contrary, when the chain atom groups 
and a bad solvent repel each other, intramolecular long-range 
interactions are dominant in the chain. A van der Waals potential 
can be used to simulate such a behavior of the chain molecule 
which will then adopt more folded conformations. 

11.1. Chains with Short-Range Interactions. According 
to the statistical mechanics developed by Flory for the study of 
chain molecules with interdependent rotational potentials,' the 
short-range conformational energy of a chain molecule composed 
of n units can be expressed as a sum of first-neighbor pair energies 
Ek1;i: 

n-1 

= Z E U ; i  I =  

where k is the isomeric state of bond i - 1 and 1 that bond i. 

of the partition function of configuration, 
Let us introduce the matrix U necessary for the determination 

z,, = J*U-*J 
with 

J* = (1,0,0) 

and the 3 x 3 matrix U: 
l U U  I: XI 

We presently use13J4 RT = 0.866 kcal/mol (T = 433 K), u = 0.56, 
and mv = 0.03 and thus E, = -RT In u = 0.5 kcal/mol; E, = -RT 
In ow = 3.0 kcal/mol. 

The conformational free energy Fb, the energy E*, and the 
entropy TS,h are then given by the following relations: 
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F& = -RT In 2, 

(Enh) = (RP/Z,,)J*( Z U (  j dU/dr)U"S-i)J (2) 

If Pc is the probability that a chain with short-range interactions 
occurs in configuration C, we have 

TS,, = -RT Pc In Pc (4) c 
where Sa is the contribution of the short-range interactions to 
the conformational entropy of the molecule. The summation is 
made over all  possible configurations of the chain. 

Since here Enh = CELL;i, we can write 

with 

where Qi is a 3 X 3 matrix with the elements Qu, which are the 
conditional probabilities that bond i is in state 1 while bond i - 
1 is in state k. So we have1 Qui = PLL;ilPb-l where P+l is the 
a priori probability that bond i - 1 is in state k, and Pu,~ is the 
probability that bond i - 1 is in state k and bond i is in state 1. 
One therefore has 

So the entropic term can be written as 

Let us introduce a 3 X 3 matrix Q j  with the elements (Qw 
In Qw), The sum of the mean values of the elements of the 
matrix [In Qj ]  over the chain configurations is then given by 

so, we have 
n 

TS,  = -RT & L ~  + RT In zq (5 )  

For chains submitted only to short-range interactions, the a 
priori probabilitiesPG are easily obtained, following the method 
proposed by Flory: from the matrix U and related matrices. 

11.2. Conformational Entropy of Chains with Long-Range 
Interactions. Now, let us consider a chain with short- and long- 
range interactions. In order to extend the use of relation 5 in 
that case, we have to calculate the values of Pu,~ and Qu,~ for this 
chain. To do this, note that since the probability of obtaining 
a chain configuration {C) with a total energy Ec is Pc = exp(- 
E~/RT)JZT (ZT is the partition function of the chain in total 
interaction), we can write 

with 6, = 1 if bond i - 1 is in state k and bond i is in state 1 and 
equals 0 otherwise. 

This relation can be employed completely in practice only if 
the number of bonds in the chain remains very low. 

11.2.1. Chain with Short-Range and Hard-Sphere Inter- 
actions. The conformational energy is now given by ET = Ed + E&, where E& corresponds to the hard-sphere potential.l9 We 

apply the method of calculation defined by relations 5 and 6 to 
chains of up to 100 bonds. The free energy of the chain is now 
calculated with a Monte Carlo procedure based on a method 
proposed by Bennett.10 Since the thermodynamic behavior of 
a molecular system submitted only to short-range interactions 
is well known: the corresponding free energy of conformation 
F& is easily calculable. To estimate the free energy F ~ + L  for this 
system when long-range interactions are also taken into account, 
let us define AF = F ~ + L  - We hence have 

AF = RT ln(Z&/Z,h+L) 
and from the properties of the "Metropolis function" M ( x )  = 
min(l,exp(-r)), we getlo 

-- z& (M(@(Eah - Esh+L)))&+L 

'&+L (M(fl@&+L - 
- 

f l  = 1/RT. Brackets denote Monte Carlo averages calculated 
over the system under the effects of short-range and hard-sphere 
interactions (sh + Hs) or only short-range interactions (sh). Let 
f be the relative number of configurations which are accepted 
during this sampling procedure; they correspond to a long-range 
energy E& = 0. So 1 -fare disallowed (E& = +a). Under such 
conditions, we have 

(M(B(E,l,-Esh+Hn))),h+Hs = ((1 - f) m i n ( l ~ + ~ )  + 
f min(l,l] )nh+Hn 

=1 

(M(B(Enh+Ha - E,J)),h= ((1 - f) min{l,O) + f min{l,l)),, 
= f  

Hence the ratio of the partition functions becomes: 

Z&/Z,,+& = l/f 
and finally, AF = -RT In f and Fd+& = F& - RT In f. 

The average value of the energy E&+& is obtained from a MMC 
(Metropolis Monte Carl0)15J6 calculation. The sampling pro- 
cedure presently used is a simple adaptation of the one established 
for the study of polypeptide chains.11J8 By using the values of 
Feh+& and E&+& we can determine TSd+&. Note that with large 
values of n, relation 6 can no longer be used for a complete 
calculation. But (n - 1) matrices Pi can be obtained by using the 
same Monte Carlo procedure from which the 3 x 3 elements Pw 
(with 2 I i I n - 1) are now determined by 

N is the number of steps of the MMC sampling. We hence 
computed TSh+& using relations 5 and 7. Results obtained from 
these different methods of calculation can then be compared. 

11.2.2. Chain with Short-Range and van der Waals 
Interactions. The validity of eqs 5 and 7 when long-range 
interactions are taken into account has also been tested on chains 
of up to 100 bonds submitted to short-range and long-range van 
der Waals interactions. The total energy is then Et = E& + Em 
where the van der Waals term is presently given the expressionm 

A MMC samplingl1J8 is used to estimate the average energy 
( E t )  of the chain. The free energy difference between chains 
with short-range and van der Waals interactions (sh + VW) and 
chains with only short-range (ah) interactions is obtained from 
an umbrella sampling11*21s22 based on the following relation giving 
the ratio of the partition functions of the molecule in these two 
 situation^:^^ 

Em = 8640001~'~ - 9401rS. 

z&+,/z& = (exp(-flE,) )& 
The average is calculated over the chain conformations taking 

into account only short-range interactions. The free energy 
difference between these two chain models can therefore be 
estimated by 

AF = -RT In(Zb+,/Z,) = -RT In(exp(-flE,)), 
But to compute such a mean value, the sample of chains should 

represent simultaneously the conformational space of the system 
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under the two given situations. To achieve this, a weighting 
function Wis used to introduce a bias on Boltzmann factors.21,22 
Moreover, by introducing N - 1 intermediate states," &+V,v/& 
can also be written as a product: 
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N- 1 

We hence get 

The weighting function W = exp(-PEvw/2N) can then be used 
to improve the computation of AF and one has1* 

( exp (-pEV,v/ 2N) ) sh+(j+O.WVW/N 

IC (exp(+@EVWiW )sh+(i+O.S)VW/N 
AF = -RT& In 

Note that for a given value of j (from 1 to N - l), the average 
value of (exp(-@Ew/2N)) is computed with Boltzmann factors 
calculated with the energy EBh + 0' + 0.5)E~dN. 

111. Results and Discussion 
111.1. Short  Chain wi th  Charged Ends. In order to 

test the validity of relations 5 and 6 in the case of a chain 
submitted to long-range effects, we applied them to a 
polymethylene chain of 10 bonds with the total energy& 
= Esh + EL. Here EL = EHS + Eel and EHS is a hard-sphere 
potentiallg equal to 0 when ri, > 2Rvdw and +m otherwise. 
ri, is the distance between atoms i and j and RVdW the van 
der Waals radius (presently equal to 1.6 A). 

The long-range effect is completed by an electrostatic 
potential (in kcal/mol): Eel = 332.Oqlqdcr where q1 and 
q 2  are partial charges located on the ends of the chain. The 
dielectric constant c equals to 3.5 and r is the end-to-end 
distance of the chain. I t  must be noted that such a chain 
model has no precise physical meaning; it is only used in 
order to probe the limit of validity of relations 5 and 6 
when long-range interactions are used. 

Note that this chain has only 38 different configurations, 
so an exact and complete calculation of the Pkl;i is possible 
by using relation 6. The entropy can then be calculated 
by using relation 5, as it has been done for a chain with 
only short-range interactions. For this same small chain 
we also calculated the exact thermodynamic values directly 
from the relations giving ZT, FT = -RT In ZT, ET, and TST 
= ET - FT. Results obtained from these two approaches 
can thus be compared. 

The product of the two charges varies from -1.0e2 to 
+1.0e2, and for every value of qlq2, the entropy and the 
conformational energy ET are calculated. The long-range 
contribution to the energy is then EL = ET - E s h  where E,h 
is obtained from relation 2. Results obtained for a chain 
with short-range, hard-sphere, and electrostatic interac- 
tions are presented in Figure l a  and for chains with van 
der Waals interactions, in Figure lb .  It appears that  both 
sets of curves are very similar. 

The value of TS for the chain with only short-range and 
hard-sphere interactions (Le. 4142 = 0) is equal to 6.057 
kcal/mol. When a small electrostatic potential is applied 
( q l q 2  = O.le2) the two methods of calculation give the same 
result for TS. When a very strong negative electrostatic 
potentialis applied (qlqz = -1.0e2), the chain is completely 
folded, and since the electrostatic potential is so important, 
the chain is then maintained in a deep potential well of 
the configuration space. As a consequence, one gets a 
small value for the entropic term (TS = 1.444 kcal/mol). 
In contrast, when the electrostatic potential is very 
repulsive (4142 = 1.0e2), its effect is less important because 
the end-to-end distance is generally very large in that case; 

7 \ a  I I '7 

1 '  
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Figure 1. (a) Conformational entropy of polymethylene chains 
as a function of EdEh; EL = E& + Eel (E& is the hard-sphere 
potential, and Eel the electrostatic energy due to varying charges 
located on the ends of the chains. Key: (0) complete calculation 
of the partition function; (0) relation 7 using matrices Q given 
by a complete calculation. (b) Conformational entropy of 
polymethylene chains with van der Waals and electrostatic 
interactions for EL. Results are obtained as indicated in (a). 

the entropy of conformation is then only slightly smaller 
(TS = 5.083 kcal/mol) than that obtained with q1q2 = 0. 

In fact we can define the probabi1itiesPkl;i as mean long- 
range probabilities. So the long-range interactions can be 
considered as a perturbation of the short-range interac- 
tions. One can thus introduce a "perturbation factor", P 
= EL/&-,,  and it appears that  results obtained from the 
two methods of calculation present an increasing dis- 
agreement when the factor P decreases with values lower 
than above -1.5. 

111.2. Chain with Short-Range and  Hard-Sphere 
Interactions. Results obtained in this case show that 
relation 5 can be used even for the longer chains. In Figure 
2 we can see that (&,+Ha) is a linear function of n. 
Calculations performed with matrix U, for N > 20, gave 
(E&) 0.220(n - 2 )  (kcal/mol) and Monte Carlo sampling 
permitted the following relation to be established: (&h+Hs) 
= 0.196(n - 2 )  (kcal/mol). 

With the approximation hE = (Eah+HB) - (Esh) ,  we 
obtained AL3 = 0.024(n - 2 )  (kcal/mol) which corresponds 
to AE/ (&h) = 0.109. The perturbation factor being very 
small, results given by eq 5 are actually in very good 
agreement with values obtained from Monte Carlo cal- 
culations. An example of such an agreement can be seen 
in Figure 3a where the entropic term is represented. 

0 '  

EL /ESh 
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111.3. Chain with Short-Range and van der Waals 
Interactions. Values of (E&) and (Eah+VW) obtained 
respectively from the two methods of calculation are given 
in Figure 2. It appears that for N > 20, the total energy 

is negative; one has (&h+VW) = -0).37(n - 2) - 4.96 (kcal/ 
mol) for large n. 

One should note that in a chain of n units submitted to 
a van der Waals potential there are n(n - 1)/2 terms of 
interaction. But, as we see, a linear function of n is 
obtained for the energy. This comes from the fact that 
with van der Waals potentials an almost constant small 
number of atoms does actually interact with any atom of 
the chain and the energy becomes therefore a linear 
function of n. 

Moreover, one can see that the long-range interactions 
are more important than the short-range ones. So, the 
perturbation factor P is smaller than -1, and the larger is 
n, the smaller isP. Consequently, resultsgiven by relation 
5 are valid for small n but, as we can see in Figure 3b, when 
n > 60, values of the entropy are in poor agreement with 
those given by an umbrella sampling. It appears that in 
the presence of long-range interactions, the mean prob- 
ability approximation can be used to compute the con- 
formational entropy only if p11 I Esh. 

111.4. Conformational Free Energy and Entropy. 
The free energy of the chain with short-range interactions 
obtained from calculation with matrices U is a linear 
function of n (Figure 4): Fsh = -0.54(n - 2) (kcal/mol). 
Umbrella sampling and Bennett’s method gave us the 
values of AF = -RT In (Zsh+L/&h) for the two kinds of 
long-range interactions (van der Waals and hard spheres) 
and for chains of different bond number n. Results thus 
obtained can be written as 

UHS = Fsh+HS - Fsh  = +0.0003(n - 2) (kcal/mol) 

Consequently, the free energy of the chains in total 
interaction depends linearly of n (Figure 4): 

Fsh+HS = -0.54(n - 2 )  (kcal/mol) 

F s h + w  = -0.90(n - 2 )  (kcal/mol) 

The conformational entropy of the chain with short- 
range interactions calculated with the matrix U can be 
put in the following form (Figure 5): T s , h  = 0.765(n - 2). 
Values of the entropy obtained from the Monte Carlo 
sampling can also be written as linear functions of n (Figure 
5):  

T S s h + w  = 0.587(n - 2) and TSsh+HS = 0.734(n - 2 )  
111.5. Chain Dimensions. The conformational be- 

havior of chains respectively submitted to the three kinds 
of potentials can also be characterized by values of their 
characteristic ratio,1° Cn = (r2)/nZ2 with (r2) being the 
mean square of the end-to-end distance of the chain with 
bond length 1. Results, presently obtained from Monte 
Carlo calculations are shown in Figure 6.  For the chain 
with short-range interactions, results are in very good 
agreement with those given by Flory and Jernigan.“ With 
the hard-sphere potential, as atoms are not allowed to 
overlap, we thus observe that average end-to-end distances 
are larger than for chains with only short-range interac- 
tions. One can see that for the chains with short-range 
and van der Waals interactions, a maximum of Cn occurs 
for n = 18. Moreover, for n < 14, Cn values are near to 
those of chains with only short-range interactions. But 
this is no longer observed for n > 20. Such an effect can 
be explained by considering the values of the energy of 
the chain with short-range and van der Waals interactions. 
For N < 18, the total conformational energy is positive 
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Figure 4. Conformational free energy as a function of chain 
length n: (0) short-range interaction and relation 1; (x) hard- 
sphere and Bennett's method; (0) van der Waals and umbrella 
sampling. Values for chains with short-range or hard-sphere 
interactions present differences of less than 1 % . 
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Figure 5. Conformational entropy of chains as a function of 
chain length n: (0) short-range interactions using relation 3; (0) 
results obtained from Monte Carlo calculations for hard-sphere 
interactions; ( 0 )  results obtained from Monte Carlo calculations 
for van der Waals interactions. 
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Figure 6. Flory ratio Cn = (r2)/nP for polymethylene chains 
as a function of the chain length n: (0) short-range; ( 0 )  hard- 
sphere interactions with Monte Carlo calculations; (+) hard- 
sphere interactions calculated with Q matrices; (0) van der Waals 
interactions with Monte Carlo calculations; (.) van der Waals 
interactions calculated with Q matrices. 

and this means that Esh > WvwI. The van der Waals 
contribution to the energy increases with n. Cn also 
increases with n up to n = 18, which is the value of n where 
&h equals !lZvw( and the maximum for Cn occurs (Figure 
6) .  When n > 18, the total conformational energy becomes 
negative (Esh < IEvwl); the attractive energy term being 
the most important, we observe a folding of the chain. For 

increasing values of n, this effect of the van der Waals 
energy is even more and more important and the decreasing 
values of Cn correspond to collapsed chains. 

Matrices Qi obtained from Monte Carlo computations 
have also been applied to the calculation of values of Cn 
for the three kinds of potential presently used. As 
indicated in Figure 6, results obtained from calculations 
performed with matrices Q disagree with those obtained 
from Metropolis Monte Carlo sampling, except, as said 
above, for the chain with short-range interactions. 

IV. Conclusion 
A limitation on the present method comes from the fact 

that there is no simple relation between the energy of a 
chain and the value of Cn. As a consequence, it appears 
that matrices Qi obtained from Monte Carlo calculations 
are not adapted to compute geometrical parameters of 
chains with long-range interactions. To get better results, 
one should rather apply the procedure proposed by Mattice 
et al.839 who used known asymptotic relations to perform 
adequate modifications of the matrix elements. 

Conversely, for quantities directly related to the chain 
conformational energy such as conformational free energy 
and entropy, calculations performed using matrices Qi 
(determined from Monte Carlo calculations when long- 
range interactions are included), give results in fairly good 
agreement with values obtained from umbrella sampling. 
The main limitation in the use of these matrices may come 
from relatively too important long-range interactions 
compared to short-range ones. But, results presently 
obtained show that, with potentials generally used and 
obviously for hard-sphere potentials, such a limitation 
should not be very drastic. One should essentially note 
that the application of the present method of calculation 
with matrices Qi is very fast compared to the time- 
consuming Monte Carlo procedures. I t  could even be much 
more efficient when applied to macromolecular chains 
composed of units more complex than those of polyme- 
thylene. 
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